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Abstract
The depth resolution of a continuous-wave time-of-flight
(CW-ToF) imaging system is determined by its coding functions. Recently, there has been growing interest in the design of new high-performance CW-ToF coding functions.
However, these functions are typically designed in a hardware agnostic manner, i.e., without considering the practical device limitations, such as bandwidth, source power,
digital (binary) function generation. Therefore, despite theoretical improvements, practical implementation of these
functions remains a challenge. We present a constrained
optimization approach for designing practical coding functions that adhere to hardware constraints. The optimization problem is non-convex with a large search space and
no known globally optimal solutions. To make the problem
tractable, we design an iterative, alternating least-squares
algorithm, along with convex relaxation of the constraints.
Using this approach, we design high-performance coding
functions that can be implemented on existing hardware
with minimal modifications. We demonstrate the performance benefits of the resulting functions via extensive simulations and a hardware prototype.

1. Introduction
Time-of-Flight (ToF) cameras are fast becoming the preferred depth sensing technology in several applications, including autonomous navigation, augmented reality and user
interfaces. Broadly, ToF cameras can be categorized in
two ways: Impulse ToF (I-ToF), and continuous-wave ToF
(CW-ToF). I-ToF systems estimate depths by emitting a
high-powered laser pulse and measuring its time-of-flight
using a high-speed detector. Typical I-ToF systems (e.g. LiDAR) need high-cost components such as high-speed lasers
and sensors. In contrast, CW-ToF cameras are low-power
and low-cost (e.g. Kinect), and estimate depths by modulating the light intensity and decoding the reflected signal.
Current CW-ToF cameras have limited depth resolution,
especially in low signal-to-noise ratio (SNR) scenarios.
While the resolution can be increased using high-powered
light sources and longer exposure times, this is not always
possible. Given a fixed energy and exposure time budget,
the depth resolution of a CW-ToF system depends on the
coding functions (i.e. light modulation and sensor demodu-

lation functions). Most existing CW-ToF systems use sinusoid [24] or square [13, 26] functions, which, although easy
to implement, have low depth resolution.
Recently, there has been growing interest in designing
high-performance CW-ToF codes [1, 16, 29], albeit in a
hardware agnostic setting. These works propose novel coding functions, which, although theoretically interesting, do
not adhere to practical constraints imposed by current devices. For example, these coding functions [16, 1] require
impulse modulation with infinite peak power and bandwidth, and continuous, analog demodulation functions. In
practice, the space of physically realizable coding functions is highly constrained. Specifically, although high-cost
lasers can emit ultra-short pulses with large peak power,
most light sources employed in CW-ToF cameras (e.g., laser
diodes, LEDs) have finite peak power. Furthermore, most
components of the system have a limited bandwidth. Additionally, most CW-ToF systems use digital square/binary
functions for light modulation and sensor demodulation,
and may need considerable hardware modifications to support arbitrary continuous functions. Finally, binary functions are also preferred because of their applicability to 2bucket sensors used in commercial CW-ToF cameras [34].
This leads to a trade-off in CW-ToF code design: Conventional coding schemes, such as sinusoid and square, adhere to practical constraints, but have low performance.
On the other hand, recent schemes promise higher performance, but, may not be physically realizable on current
hardware. In this paper, we consider the following question: Can we design CW-ToF coding functions that adhere
to hardware constraints, and yet, achieve high performance
in a broad range of imaging scenarios? We consider three
important constraints: Limited peak source power, limited
bandwidth, and binary coding functions. 1
To address this question, we pose the practical CW-ToF
code design as a constrained optimization problem. This
is challenging due to the large space of coding functions
and the non-convex constraints. In order to keep the problem tractable, we consider pre-designed correlation functions, which are factorized into physically realizable modulation and demodulation functions. While this reduces the
1 Binary functions, theoretically, have infinite bandwidth. We consider
both binary and bandwidth constraints simultaneously by assuming that the
bandwidth constraints are applied while being passed through the imaging
system, after the binary coding functions are generated.

search space, factorizing a given correlation function into
modulation and demodulation function is ill-posed. To perform this factorization, we use an iterative optimization approach, similar to blind deconvolution [2, 23], where at each
iteration a convex sub-problem is solved. This approach,
along with convex relaxations of constraints, enables optimizing over the space of practical coding functions.
The proposed approach is flexible; given a hardware implementation, it computes high-performance coding functions that adhere to the corresponding constraints and are
physically realizable. We demonstrate, via extensive simulations and hardware experiments, that the performance of
the proposed coding functions, although lower than theoretical (but impractical) coding functions [16], is considerably
higher than conventional approaches, such as sinusoid and
square coding. We also demonstrate how to adapt the resulting practical codes for a 2-bucket architecture. The proposed approach provides a framework for designing practical ToF coding functions under a wide range of constraints,
from weak to strong constraints, such as severely limited
bandwidth and peak power, and enable 3D imaging in challenging imaging scenarios (e.g. outdoors, low-power).

2. Related Work
Code design for CW-ToF: Many coding designs have been
proposed to address issues in CW-ToF imaging, such as,
mitigating multi-camera interference [4, 34], multi-path interference [22, 15] and non-linearities caused by aliased
harmonics [27, 26]. Furthermore, CW-ToF code design has
also been used for transient imaging [22] and illumination
demultiplexing [21]. There has been little work on designing coding schemes that achieve higher depth resolution.
Payne et al. [28] proposed multi-frequency sinusoid functions to simultaneously achieve large depth range and high
depth precision. This approach requires phase unwrapping
and is prone to large errors in low SNR scenarios. The focus
of this paper is on designing practical coding schemes that
achieve high depth resolution, even in low SNR scenarios.
Code design for structured light: Code design for improved depth resolution has been explored in other active vision systems, in particular structured light (SL) [20, 25, 14].
Despite theoretical similarities between SL (spatial coding)
and CW-ToF (temporal coding), there are crucial differences in their practical hardware limitations. For instance,
typical SL systems can implement arbitrary continuous patterns [6] limited only by the spatial resolution of the system.
In contrast, CW-ToF systems are limited to sinusoidal and
square functions, with strong bandwidth constraints (< 200
MHz) which severely limits the achievable depth resolution.

3. Background: Image Formation Model
We begin by reviewing the CW-ToF image formation
model [24, 17, 16]. A CW-ToF imaging system (Figure
1) consists of a light source whose intensity is modulated
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Figure 1: CW-ToF imaging. The intensity of a light source
is temporally modulated according to a function M (t). The
incident sensor radiance, R(t), is multiplied with a demodulation function, D(t). The product is integrated for an exposure time T and the resulting intensity, I, is recorded.
over time according to a modulation function M (t). Assuming no indirect illumination, the radiance R(t) incident
on a sensor pixel at time t is given as:


2d
R(t) = s M t −
+ A,
(1)
c
where d is the distance of the scene point from the sensor,
c is the speed of light, and s is a scene dependent scale factor which depends on the scene point’s albedo, shading and
intensity fall-off. A is the ambient illumination due to external light sources (e.g., sunlight in outdoor scenarios).
The incident radiance R(t) is correlated with a demodulation function at the sensor, D(t), where 0 ≤ D(t) ≤ 1. 2
The demodulation function can be implemented through
photonic mixer devices [24], or fast optical shutters [5]. We
assume both M (t) and D(t) to be periodic functions with
the same fundamental frequency f0 (homodyne CW-ToF).
The intensity I measured at the pixel is given by the temporal correlation of R(t) and D(t):
I=

Z

T

D(t) R(t) dt ,

(2)

0

where T is the sensor exposure time. We define χ(d) as the
normalized cross-correlation between M (t) and D(t):


Z τ
2d
dt , (3)
χ(d) = (D ⋆ M̄ )(d) =
D(t)M̄ t −
c
0
Rτ
where τ is the period of M (t) and D(t), Eτ = 0 M (t)dt,
is the total energy emitted by the light source within a period
τ , and M̄ (t) = ME(t)
is the normalized modulation function.
τ
2 2-bucket ToF sensors [24] emulate negative, zero-mean demodulation
functions by taking the difference of two complementary measurements.
Since these functions are the difference of two positive demodulation functions, we only consider positive functions in our analysis. In Section 6.4,
we show how the proposed binary demodulation functions can be adapted
as complementary demodulation pairs that can be used in 2-bucket sensors.
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Figure 2: Practical coding function design. The black lines illustrate the pulsed ToF implementation of a high-performance
correlation function [16]. Our algorithm designs the input modulation and demodulation functions (blue lines) that adhere
to peak power and binary constraints. The input functions are smoothed according to the system’s impulse response and
result in the red lines above. The actual correlation function achieved by the system is the correlation of the smoothed output
functions. Our algorithm designs the blue functions to produce the best approximation of the objective correlation function.
Substituting Eq. 1 into Eq. 2, and simplifying using Eq. 3,
we get the following expression for the measured intensity:
I = Is χ(d) + Ia ,

(4)

RT

where Ia = A 0 D(t)dt, Is = s Pave T , and Pave = Eττ
is the average power of M (t).
Since there are three unknowns in Eq. 4 (distance d, effective albedo Is , and ambient brightness Ia ), K ≥ 3 intensity measurements are needed. Each measurement, Ii
(1 ≤ i ≤ K), is taken using a different pair of modulation
and demodulation functions. The set of K modulation and
demodulation functions is called a coding scheme [16].

4. Constrained Optimization for Code Design
Designing practical, high-performance coding schemes
(Mi (t), Di (t)), 1 ≤ i ≤ K, can be posed as a constrained optimization problem. Unfortunately, the space
of functions can be large, making this a challenging optimization problem to solve. To keep it tractable, we pose
practical coding design as a two-stage problem. The performance of a ToF imaging system, in terms of depth precision, can be completely characterized by its correlation
functions χi , 1 ≤ i ≤ K [16]. Thus, the first stage designs the correlation functions, without imposing the hardware constraints. This can be performed following any of
the previous coding function design approaches [16, 1, 29].
The second stage factorizes each χi into modulation and
demodulation functions. This step is critical, because for a
practical implementation we need to determine the modulation and demodulation functions that create a given correlation function. Mathematically, this factorization problem
can be expressed as follows:
find
such that
Z τ
M̄i (t)dt ≤ 1,
0

(Mi (t), Di (t)), 1 ≤ i ≤ K

(Di ⋆ M̄i )(t; d) = χi (d),
0 ≤ M̄i (t),

(5)

0 ≤ Di (t) ≤ 1

Recent coding design works [16, 1] focused only on the
first step of designing correlation functions. For the sec-

ond step, they considered a trivial factorization: an impulse
modulation function Mi (t) = Eτ δ(t), and the demodulation function being the same as the normalized correlation
function, e.g., a trapezoidal function (see Figure 2). Although theoretically feasible, this decomposition is impractical because of three fundamental hardware constraints:
1. Limited peak source power: An impulse modulation
function assumes the laser can emit an infinitely short
and high powered pulse, as illustrated in Figure 2. Although, high powered pulsed lasers are used in multiple applications [33], they are often expensive, and not
appropriate for low-cost CW-ToF systems.
2. Limited bandwidth: An ideal impulse function requires infinite bandwidth. Most current CW-ToF cameras are severely constrained by the available bandwidth of the coding functions (typically < 200 MHz.).
3. Non-binary coding functions: The trivial decomposition described above leads to arbitrary continuousvalued demodulation functions. Several commercial
CW-ToF systems rely on digitally generated signals
to modulate M (t) and D(t) [26, 24], and thus, are
limited to binary functions. Furthermore, non-binary
codes cannot leverage two-bucket ToF sensors that efficiently use source power, thereby improving SNR.
We present a framework that decomposes a correlation function into a modulation and demodulation function,
while adhering to pre-specified hardware constraints. Figure 2 shows an example of such a decomposition. Our
framework takes as input a desired correlation function
(e.g., trapezoidal function shown in black line), the maximum peak power constraint, and the frequency bandwidth,
specified as the impulse response of the system. Given these
parameters and a binary structure prior, an optimization
problem similar to 5 is solved. The designed modulation
and demodulation functions (blue dashed lines in Figure 2)
will produce the closest approximation of the objective correlation function. These designed modulation and demodulation functions are input to the CW-ToF system, which then
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Figure 3: Power-limited decomposition. Power-limited correlation function decomposition for Hamiltonian K = 3 at
different maximum power levels. At Pmax ≥ 6Pave the resulting modulation and demodulation functions have the same
correlation as the objective Hamiltonian correlation. This is clearly illustrated in the case of Pmax = 30Pave (blue) where
the chosen solution only uses 6Pave . When Pmax ≤ 6Pave only approximations of the objective correlations are obtained.
smooths them according to its impulse response. The output
modulation and demodulation functions (red lines in Figure
2) will produce the actual correlation function. As an example, we demonstrate our framework on the family of Hamiltonian correlation functions [16]. Specifically, we consider
Hamiltonian codes with 3, 4, or 5 measurements, referred
hereafter as Hamiltonian K = 3, K = 4, and K = 5.

5. Power-limited Coding Function Design
In this section, we analyze the correlation decomposition
with a finite light source peak power and infinite bandwidth.

5.1. Power-limited Decomposition
Let m̄i , di , χi be the vectors representing the N point
discretization of a single period of M̄i (t), Di (t), and χi (d),
respectively. We find the best fitting m̄i and di for a given
χi by solving the following constrained optimization:
argmin
m̄i ,di

subject to

kχi − m̄i ⋆ di k2
N
X
j=1

m̄i,j ∆t ≤ 1,

0 ≤ di,j ≤ 1,

0 ≤ m̄i,j ≤ pf ,

(6)

j = 1, . . . , N

τ
and pf =
where ⋆ is the cross-correlation operator, ∆t = N
Pmax
τ Pave . For interpretability we fix τ = 1 in the optimization.
The problem is solved for each χi , 1 ≤ i ≤ K.
Alternating convex optimization approach: Problem (6)
can be thought of as the 1-dimensional analog of blind
image deblurring [10, 7, 23] and in general, is underconstrained and ill-posed. However, if either mi or di is
fixed, the problem becomes well-posed, and can be solved
through standard convex optimization methods [3, 12].
Therefore, one approach to finding a local optima is to alternate between fixing mi and di and solving the convex
sub-problem. This is done until convergence of the loss
function. We implemented the alternating optimization procedure using CVXPY [8]. The coding function vectors, m
and d, are randomly initialized, and χ is set to the objective
correlation. In our final implementation, which included the
additional regularization discussed below, convergence was
often achieved within 5 − 50 iterations.

Imposing binary function constraint: The alternating
convex optimization approach often leads to rapidly fluctuating non-binary solutions for mi and di . Such solutions
may be able to approximate χi accurately, but, they are not
practical due to their high bandwidth requirements and nonbinary structure. Ideally, we would impose a binary constraint on m and d. Such constraint would make each subproblem non-convex. Therefore, we relax the binary constraint by imposing a total variation regularization on m and
d, thereby preserving the convexity of the sub-problems.
Although this relaxation leads to near-binary sparse solutions for m and d, it does not guarantee a binary structure.
In order to achieve binary solutions, we apply a binary reprojection operator at the end of each iteration.
Power-limited Hamiltonian coding functions: Figure 3
shows the correlation decomposition for one (out of three)
Hamiltonian K = 3 codes at different maximum power
levels. See the supplementary material for the other two
correlation functions. When Pmax ≥ 6Paverage our algorithm is able to find a factorization that achieves zero error:
M (t) is a 16 duty cycle square wave with peak power of
6Pave , and D(t) is a square wave with 12 duty cycle. When
Pmax < 6Pave our algorithm generates coding schemes
that only approximate Hamiltonian K = 3. In the limiting
case, when Pmax = 2Pave , our method returns conventional square coding functions. Please see the supplementary material for power-limited decompositions for Hamiltonian K = 4, 5 under different power constraints.

5.2. Performance of Power-limited Coding Schemes
The L2 norm of the difference between the objective correlation function and the correlation of m̄ and d is a metric that is easily expressed in an optimization problem. A
more meaningful metric, however, is the mean depth error
(MDE) achieved by the decomposition, for a given depth
range and distribution of scene albedos [16]. See the supplementary report for details of the MDE metric.
Mean depth error comparisons: We used the following
parameters. Fundamental frequency, f0 = 15 Mhz, corresponding to a depth range of 0 − 10 meters. Gaussian noise,
with affine noise model including photon noise and sensor
read noise with a variance of 20 electrons. Total integration
time of 300ms, and scene albedos of 0 − 1. To perform the
comparisons at a wide range of SNR levels, we vary source
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Figure 4: Mean depth errors of power-limited and band-limited CW-ToF codes. In the power-limited case (a), all coding
schemes achieve their theoretical performance. In the more practical scenarios where the system band-limits are considered
(b and c), the re-designed Hamiltonian schemes outperform both baselines at all SNR levels. Zoom in for better visualization.
and ambient strength, while fixing the other parameters.
Figure 4 (a) shows the MDE for Hamiltonian K = 3,
K = 4, K = 5, sinusoid [24], and multi-frequency sinusoid [9, 28]. 3 We consider a multi-frequency sinusoid
with K = 5 measurements; three low frequency measurements with f = f0 and two high-frequency measurements with f = 7f0 . We use 7f0 because the higher
frequency components in Hamiltonian K = 5 can be approximated by a square wave with a frequency of 7f0 .
The coding schemes are compared at various peak power
constraints. When Pmax = 30Pave , all coding schemes
achieve a zero error decomposition. Consequently, the performance of the ideal Hamiltonian codes is maintained. As
the peak power constraint is strengthened, i.e., Pmax is
reduced, the decompositions become approximations. In
the supplementary material we show the performance at
Pmax = [15Pave , 5Pave , 2Pave ]. Multi-frequency sinusoid
performs well at high SNR levels, but its performance degrades rapidly at low SNR due to phase unwrapping errors.
Although the performance of the power-limited Hamiltonian codes is lowered as compared to theoretically ideal
codes, they still outperform the sinusoid-based codes at
most source and ambient power levels.

6. Band-limited Coding Function Design
In this section we analyze the correlation decomposition
problem with both peak power and bandwidth constraints.

these components smooth the input modulation and demodulation functions, which attenuates frequencies outside the
system’s bandwidth. Here, it is important to make a distinction between the input coding functions Min (t) and Din (t),
and the output functions Mout (t) and Dout (t), which are
created after the input functions are smoothed by the system. We are designing the input functions, but the output
functions actually correlate to form the correlation functions. Therefore, the goal of the correlation decomposition for a band-limited system is to find Min (t) and Din (t)
whose corresponding (smoothed) Mout (t) and Dout (t) best
approximate the objective correlation.
Furthermore, we apply the bound constraints described
in Sections 4 and 5 on the input functions because, in practice, these bounds can be imposed on Min (t) and Din (t) via
a function generator. Once the bounds are imposed on the
input functions, the output functions will also satisfy them.

6.2. Band-limited Decomposition
Let hm (t) and hd (t) be the impulse responses of the
modulation and demodulation arms of the system. Then,
we solve the following optimization problem to find the input coding functions:
argmin
m̂i ,di

subject to

in
kχi − (m̄in
i ⊛ hm (t)) ⋆ (di ⊛ hd (t))k2
N
X
j=1

6.1. Bandwidth of a System
The bandwidth of a system is characterized by the impulse/frequency response. The cascade of hardware components (e.g. function generator, laser, sensor) in the CWToF system determines the impulse response. Effectively,
3 For comparing coding schemes with different K, we assume a fixed
total integration time which is split evenly among the intensity measurements. Under such constraint the performance of sinusoid schemes does
not change as we vary K. For details, see the supplement.

m̄in
i,j ∆t ≤ 1,

0 ≤ din
i,j ≤ 1,

0 ≤ m̄in
i,j ≤ pf ,

(7)

j = 1, . . . , N

where ⊛ is the circular convolution operator. We solve
problem 7 with the same alternating convex optimization approach with TV regularization described in Section
5.1. Due to stronger constraints, the convergence for the
band-limited decomposition was on average faster than the
power-limited case, only requiring 3 − 20 iterations.
Band-limited Hamiltonian coding functions: We assume
the modulation and demodulation impulse responses to be
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Frequency Response

Figure 5: Hanning window. Hanning window with
fmax ∼ 5f0 used to model the impulse/frequency response
of the band-limiting components in our simulations.
the same, i.e., hm (t) = hd (t), and model them as Hanning windows [18]. Figure 5 shows an example Hanning
window and its frequency response. We evaluate two cases
with Hanning windows that constraint the maximum frequency to be fmax ∼ 10f0 and fmax ∼ 5f0 . We consider
fmax to be the maximum frequency whose amplitude is not
attenuated more than ∼ 5x.
Figure 6 shows the input modulation and demodulation functions that best fit two (out of five) Hamiltonian
K = 5 correlation functions. Due to limited bandwidth,
only smoothed approximations of Hamiltonian codes can
be achieved. However, the input coding functions (Min (t)
and Din (t)) generated by our algorithm, continue to have
the desired binary structure (columns 1 and 3 in Figure
6); only the output functions (Mout (t) and Dout (t)) are
band-limited. Please refer to the supplementary material for
all the resulting band-limited factorizations of Hamiltonian
codes under different combinations of constraints.

6.3. Performance of Band-limited Coding Schemes
Figures 4 (b) and (c) show the MDE for several coding
schemes, under two different bandwidth constraints. The
same simulation parameters described in Section 5.2 are
used. The smoothing degrades the performance of all coding schemes. We do not apply our framework to sinusoidbased schemes in our evaluation, but we do limit their bandwidth as it happens in practice. Despite the relatively poor
approximations of the Hamiltonian codes in the severely
band-limited case (Figure 6), the overall performance of the
resulting codes is still 2 − 5x greater than sinusoid-based
codes. Please refer to the supplementary material for additional MDE simulations at different maximum power and
bandwidth levels.
Figure 7 shows the 3D imaging simulations for a hand
gesture reconstruction in two hardware constrained scenarios. In the loosely constrained scenario, all coding schemes
perform almost ideally and faithfully recover the 3D geometry. In the more practical setting with tighter power
and bandwidth constraints, the overall performance of all
coding schemes degrades. However, our new hardwareconstrained codes outperform conventional sinusoid codes
in both high and low SNR settings.

6.4. Applicability to 2-Bucket CW-ToF Sensors
Complementary demodulation function pairs: One important consequence of enforcing binary demodulation
functions is that they can leverage two-bucket CW-ToF sensors. A two-bucket sensor simultaneously acquires two
measurements using complementary binary demodulation
function pairs [24, 34]. Any coding scheme with K binary
demodulation functions (e.g. codes in this paper) can be
implemented in a two-bucket sensor.
Figure 8 shows the performance of sinusoid-based and
Hamiltonian codes implemented in a two-bucket sensor in
two band-limiting cases. Hamiltonian K = 8 corresponds
to Hamiltonian K = 4 adapted for 2-bucket ToF. The four
extra measurements are the complementary demodulation
functions. Dual-frequency sinusoid corresponds to 4 f0 and
4 7f0 measurements. Additional discussion and results for
two-bucket sensors can be found in the supplement.

7. Hardware Experiments
7.1. Hardware Prototype
We developed a CW-ToF hardware prototype that can
implement arbitrary coding schemes, with controllable fundamental frequency and average power. Our setup is based
on a point scanning design using a galvo mirror system
(GVS012, Thorlabs). The light source is a 830nm laser
diode (L830P200, Thorlabs) with a maximum power of
∼ 200mW. The intensity of the laser is modulated by an arbitrary function generator (SDG 5162, Siglent) whose maximum frequency is 150Mhz, and is the band-limiting component of the setup. The reflected signal is focused by a lens
onto an avalanche photodiode (APD430A, Thorlabs). The
detected signal is multiplied with the demodulation function using a frequency mixer (zx05-1L-s+, Mini-Circuits).
The output of the mixer is amplified (C7319, Hamamatsu),
low-pass filtered (EF110, Thorlabs), sampled and averaged
by a data acquisition card (USB-6000DAQ, National Instruments) to obtain intensity measurements. Additional information on the setup is provided in the supplement.

7.2. Experimental Results
We evaluate the performance of all coding schemes under different hardware parameters, constraints, and SNR
levels in four scenarios. Table 1 summarizes the experimental parameters used for each scene. The band-limit of
our prototype system is modelled similar to the simulations
with a maximum frequency of 150Mhz.
Evaluating depth error at a single pixel: Figure 9 shows
the mean depth errors of our hardware setup for each coding scheme. The scene is a single point at a distance of
0.7m from the source and the sensor. The laser is collimated and the sensor is focused on the laser spot. To evaluate the mean absolute error (MAE), we estimate the depth
of the point 300 times. We emulate the full depth range
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Figure 6: Band-limited decomposition. Two coding functions selected from Hamiltonian K = 5 are factorized. The
bandwidth constraint is fmax ∼ 10f0 . The input modulation and demodulation functions adhere to their corresponding
bound and binary constraints.
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Figure 7: Simulations under loose and tight constraints.
Comparison of a 3D hand reconstruction under loose
(Pmax = 20Pave , fmax = 20f0 ) and tight (Pmax = 5Pave ,
fmax = 5f0 ) constraints. Under loose constraints both
Hamiltonian and multi-freq sinusoid accurately recover the
shape. Under tighter constraints the performance degrades,
however, the re-designed Hamiltonian K = 4 continues to
recover the overall structure and details of the hand.
of the coding scheme by artificially shifting the modulation
function and calculating the MAE for each shift. The mean
depth percent errors in Figure 9 are calculated by averaging
the MAE of all shifts (20 shifts) and dividing by the total
depth range (30m). Since f0 is 30x lower than fmax on this
configuration, we assume infinite bandwidth and evaluate
power-limited coding schemes.
3D wall reconstruction: Figure 11 shows the 3D reconstruction for a wall. At both high and low SNR, the practical
Hamiltonian codes outperform sinusoid-based codes.
Real-world scenes with complex textures: Figure 10
shows the recovered depth maps for a table-top scene and
a volleyball using Hamiltonian K = 5 and multi-freq sinusoid. The table-top scene consists of 3 books spaced 20cm

Low – Medium SNR Levels

Mean Percent Depth Errors

Hamiltonian K=4
MAE = 3.75mm

High SNR Levels

Mean Percent Depth Errors

Tight constraints

Figure 8: Performance in two-bucket sensors. The
MDE for two sinusoid-based and one Hamiltonian scheme
adapted for a two-bucket architecture. Being able to leverage the two-bucket architecture allows Hamiltonian K = 8
to continue outperforming sinusoid-based schemes.

Total Integration Time (milliseconds)

Total Integration Time (milliseconds)

Figure 9: Experimental mean depth errors. Single
pixel MDE in a power-limited setting where Pmax =
15Pave . Consistent with simulations, at low-medium SNR
power-limited Hamiltonian codes outperform sinusoidbased codes, and at high SNR multi-frequency sinusoid performs comparably to Hamiltonian.
from each other each other, and a background wall ∼ 2m
behind the first book. The second scene was a 20cm radius
volleyball placed 1m away from the sensor. The exposure
time used for both scenes is the same. The band-limited
Hamiltonian K = 5 depth maps have considerably fewer
outliers. Multi-freq sinusoid, on the other hand, displays
large errors at low SNR due to erroneous phase unwrapping. The MAE are obtained by fitting multiple planes and
a sphere to the high SNR table-top and volleyball scenes.

Scene

High SNR

Low SNR
unwrapping errors

Hamiltonian K=5, MAE = 1.2cm
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Figure 10: Depth maps for a table-top scene and a volleyball. We compare the reconstruction results for Hamiltonian
K = 5 and multi-freq sinusoid. At high SNR both coding schemes accurately recover the 3D geometry in both scenes. In the
books scene, at low SNR, phase unwrapping errors appear in multi-freq sinusoid, especially in regions with low albedo (leftmost book) and farther depths (background wall). For the volleyball multi-freq sinusoid also displays poor depth precision
along the periphery for low SNR. The dark red spots correspond to errors greater than 30cm which are indicative of a poor
reconstruction of the ball. On the other hand, Hamiltonian K = 5 exhibit no phase unwrapping errors and a low outlier rate.

High SNR

Scene
Single Pixel
Wall
Table-top
Volleyball
Multi-Freq Sinusoid
MAE = 84.7mm

Hamiltonian K=5
MAE = 51.6mm

Sinusoid
MAE = 461.1mm

Multi-Freq Sinusoid
MAE = 392.2mm

Hamiltonian K=5
MAE = 109.3mm

Low SNR

Sinusoid
MAE = 181.1mm

Figure 11: 3D wall reconstructions. The wall is at a distance of 0.5m. At high SNR, Hamiltonian K = 5 and multifreq sinusoid perform comparably. At low SNR phase unwrapping errors appear in multi-freq sinusoid significantly
degrading its performance. The MAE is calculated with respect to the mean depth of all pixels.

8. Limitations and Future Work
Optimality of the two-step approach: Ideally one would
optimize for the practical modulation and demodulation
functions directly with the MDE as the objective. Since
the resulting optimization problem is challenging with no
known tractable solutions, we divide it into two steps: (1)
optimize the correlation functions over the MDE, (2) find
practical modulation and demodulation functions that approximate the correlation. This procedure is simpler to implement, and as our results show, leads to practical highperformance codes. Although, our approach is general
enough to be applied to any correlation function, it is dif-

Pave
2mW
10mW
10mW
10mW

f0
5Mhz
10Mhz
15Mhz
15Mhz

fmax
∞
15f0
10f0
10f0

High SNR
O.D. 2
O.D. 2
O.D. 1
O.D. 1

Low SNR
O.D. 3
O.D. 3
O.D. 2
O.D. 2

Table 1: Parameters for hardware experiments. The
maximum power is fixed across all experiments to 15Pave .
The maximum frequency constraint (fmax ) is determined
by f0 and the band-limit of the function generator
(150Mhz). The high and low SNR settings are emulated
by attenuating the source power with ND filters with different optical densities (O.D). O.D of 1, 2, and 3 lead to a
signal attenuation factor of 10, 100, and 1000.
ficult to guarantee that a given correlation can be accurately
factorized. Ultimately, the goodness of fit depends on the
strength of the constraints (e.g., Supplementary Figure 12).
Complementary demodulation for 2-bucket ToF: The 2bucket coding schemes derived from the binary demodulation functions with our method may not be optimal. An interesting direction for future research is to embed the complementary function constraint in the optimization.
Multi-path interference: In this paper we assume there is
no interference due to multiple reflections. The correlation
function design step and depth inference algorithm could
incorporate a multi-path propagation model as done in [1,
29]. This is a promising future research direction.
Acknowledgements: This research was supported in part
by ONR grants N00014-15-1-2652 and N00014-16-1-2995
and DARPA grant HR0011-16-C-0025.

References
[1] A. Adam, C. Dann, O. Yair, S. Mazor, and S. Nowozin.
Bayesian time-of-flight for realtime shape, illumination and
albedo. IEEE transactions on pattern analysis and machine
intelligence, 39(5):851–864, 2017. 1, 3, 8
[2] G. Ayers and J. C. Dainty. Iterative blind deconvolution
method and its applications. Optics letters, 13(7):547–549,
1988. 2
[3] S. Boyd and L. Vandenberghe. Convex optimization. Cambridge university press, 2004. 4
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S. 1. Quantifying the Performance of a CW-ToF Coding Scheme
In this supplementary section, we provide a detailed description and derivation of the mean expected absolute depth error
of a CW-ToF coding scheme.
A general metric to evaluate the performance of a coding scheme is the mean expected absolute depth error, first introduced
in [16]. Consider the 3-D space consisting of all possible unknown vectors U = [d, Is , Ia ] (distance d, effective albedo Ia ,
and ambient brightness Ia ). Each coding function pair, Mi (t) and Di (t), will map some U to an intensity measurement
Ii . A decoding algorithm, D, is used to map the vector of K brightness measurements D : I → U. Due to different noise
sources such as shot noise, sensor read noise, quantization, and saturation, the sensor measures a noisy intensity Î = I + η.
The decoding algorithm will then perform a noisy mapping of Î to an estimated vector of unknowns Û. Since Î is a random
variable we can calculate the expected absolute depth error for a given unknown vector U and coding scheme as follows:
Z
ˆ = |d − d|p(
ˆ Î|I)dÎ
E[|d − d|]
(8)
Î

where p(Î|I) is the probability density function of the measured noisy brightness Î, given the true brightness I. Equation 8
gives the expected depth error for a fixed unknown U and coding scheme. To evaluate the performance of a coding scheme
we can calculate the mean expected absolute depth error over the full depth range,
1
dmax

Z

dmax
0

ˆ
E[|d − d|]dd
=

1
dmax

Z

dmax
0

Z

Î

ˆ Î|I)dÎdd
|d − d|p(

(9)

Equation 9 is the mean expected absolute depth error for a fixed effective albedo Is and ambient component Ia . For simplicity,
in this paper we refer to the mean expected absolute depth error as the mean depth error. Each point in the mean depth error
surface plots shown in the paper and in this report (e.g. Figures 4, 6, 7) correspond to an evaluation of Equation 9 for a given
Is and Ia . Note that the total source power and the ambient illumination form part of Is and Ia , respectively. Consequently,
we only need to vary those two terms to generate the mean depth error surface plots.
Computation of the expected absolute depth error: Since we know p(Î|I) we can efficiently compute the first integral in
ˆ and approximating E[|d − d|]
ˆ
Equation 9 via Monte Carlo integration. This is done by sampling Î from p(Î|I), computing d,
ˆ
using those samples. For our simulations we found that 20, 000 samples sufficed to give a stable E[|d − d|].
Normalized cross-correlation for depth decoding: The above description of the mean depth error computation assumes
that the decoding algorithm D is known. A naive computation of dˆ given Î for an arbitrary coding scheme would involve
a computationally expensive 3-dimensional search over the space of all possible unknowns U. Fortunately, we can greatly
reduce the computational complexity of depth decoding by following a similar near-optimal decoding approach as in [25].
Let C be the N × K matrix where each column is a correlation function χi for a given coding scheme. The phase shift and
consequently dˆ of the modulation function will be proportional to the argument that maximizes the zero-mean normalized
cross correlation (ZNCC) between C and Î, as shown in Equation 10. This procedure is analog to the standard ZNCC
template matching algorithm commonly used in image processing [31].
Î − mean(Î)
Ci − mean(Ci )
·
dˆ ∼ argmax
kC
−
mean(C
)k
i
i
kÎ − mean(Î)k
1≤i≤N

(10)

The above decoding algorithm works for arbitrary coding schemes and has linear time complexity (O(N )). For certain
coding schemes, such as sinusoid coding, the decoding algorithm has an analytical expression, which effectively reduces
the run-time complexity to O(1). For any practical implementation of a coding scheme, the run-time complexity of their
decoding algorithms is one additional trade-off that needs to be considered. Previous coding function design work has
demonstrated that efficient depth decoding algorithms for a specific coding scheme can be developed through the geometric
analysis of the correlation functions [16] or through regression methods [1].

S. 2. How does the Performance of Sinusoid Coding Change with the Number of Measurements?
In this section we show that if the total integration time is fixed and split evenly among K intensity measurements the
performance of a sinusoid coding scheme remains constant as K varies. We follow a similar analysis as in [16].
ˆ due to intensity measurement error E[|I− Î|]. Furthermore,
We want to bound the expected absolute depth error, E[|d− d|],
we want to show that as we vary K the bound does not change for a sinusoid coding scheme. We start by considering the
ˆ
first-order taylor series approximation of an intensity measurement about the point d = d:
ˆ − d)
ˆ
ˆ + ∂I (d)(d
I(d) = I(d)
∂d

(11)

∂I ˆ
ˆ For simplicity of the derivation we assume that the effective albedo Is does not depend on d 4 . Let
(d) = Is χ′ (d).
where ∂d
ˆ
I(d) = Î and I(d) = I. We can re-arrange Equation 11 and take the magnitude of both sides in the following way:
qP
K
ˆ 2
|I − Î|
i=1 (Ii − Ii )
ˆ
(12)
|d − d| =
= qP
ˆ
K
|Is χ′ (d)|
′ (d))
ˆ 2
(χ
Is
i
i=1

ˆ due to small measurement noise (|I − Î|).
Equation 12 gives us a relationship between the absolute depth error (|d − d|)
ˆ
Since both Î and d are random variables we can take the expectation of both sides of the expression,
qP
qP
K
K
2
ˆ
ˆ 2
(I
−
I
)
E[
i
i=1 (Ii − Ii ) ]
ˆ = E[ q i=1 i
q
E[|d − d|]
(13)
]
≈
PK
PK
′
′
2
2
ˆ
ˆ
Is
E[Is
i=1 (χi (d))
i=1 (χi (d)) ]

where the above equality comes from the first-order approximation of the expectation of the ratio of two random variables
2
2
) [19], where the variance terms Ii and σread
[30, 11, 32]. Recall from our Gaussian noise model that Iˆi ∼ N (Ii , Ii + σread
correspond are associated to shot noise and sensor read noise respectively. Therefore we can calculate bound the expectation
of the numerator and calculate it in the following way:
v
v
v
v
uK
uK
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uK
K
uX
uX
u
uX
X
t
t
t
2
2
2
ˆ
ˆ
ˆ
Ii
(14)
+
(Ii − Ii ) ] ≤
E[(Ii − Ii ) ] =
Var[Ii ] = tKσread
E[
i=1

i=1

i=1

i=1

where the above inequality follows from Jensen’s inequality on concave function (i.e. square root) and from the linearity of
expectation. We can continue bounding the numerator by analyzing the upper-bound of Ii and recalling that 0 ≤ D(t) ≤ 1,
Z τ
Z τ
2d
2d
D(t)M̄ (t − )dt + Ia ≤ Is
Ii = Is
M̄ (t − )dt + AT = Is + AT
(15)
c
c
0
0
RT
where the above inequality is the result from upper bounding D(t) = 1 and consequently Ia = A 0 D(t)dt = AT .
Substituting Equation 15 into Equation 14 we get:
v
uK
q
uX
2
+ Is + AT )
(16)
E[t (Ii − Iˆi )2 ] ≤ K(σread
i=1

Note that we can only sum up the Is and Ia terms from each measurement as we did above because we assume that the
exposure/integration time T from all measurements is the same. We can now analyze the denominator from Equation 13:
v
v
uK
Z dmax u
K
uX
uX
1
t (χ′ (d))
ˆ 2 ] = Is (
ˆ 2 ddˆ = Is Lcurve
)
(17)
E[Is t (χ′i (d))
i
dmax 0
dmax
i=1
i=1
ˆ = 1 . We also
where we assume that with no prior information the probability of all depths dˆ is the same, i.e. p(d)
dmax
introduce the coding curve length term Lcurve as defined in [16]. Furthermore, we denote dmax as the maximum unambiguous
4 In

practice, Is does depend on scene distances d due to light intensity fall-off

depth determined by the fundamental frequency of the coding scheme. Bringing together the results from Equations 13, 16
and 17 we can define the upper bound on the expected depth error due to small measurement noise:
ˆ ≤ dmax
E[|d − d|]

p
2
K(σread
+ Is + AT )
Is Lcurve

(18)

Equation 18 is the upper bound of the expected absolute depth error for an arbitrary coding scheme where the total
integration time is split evenly among measurements. For√a sinusoid coding scheme we can give an explicit bound by plugin
in the the length of the sinusoid coding curve Lsinusoid = 4√K2 ,
p
√
2
(4 2)dmax σread
+ Is + AT
ˆ
(19)
E[|d − d|] ≤
Is
Note that the dependence on K disappears. Hence, the performance of a sinusoid coding scheme does not increase as K
increases if the total integration time is fixed and evenly split. This is an important result that adds one additional heuristic
in the search of families
√ of high-performance coding functions. The coding curve length of a coding function family should
increase faster than K as K increases. The Hamiltonian coding curve length increase exponentially with K [16]. This
means that if we had no hardware constraints, a Hamiltonian coding scheme with a large K could achieve an increasingly
small depth error, without having to increase total power and total exposure time.

S. 3. Power-limited High-Performance Modulation and Demodulation Functions
In this section we present the correlation decomposition for Hamiltonian K = [3, 4, 5] with a finite light source peak
power and infinite bandwidth. Please refer to section 5 of the main document for a detailed discussion of how the results in
this section are obtained.
Main observations: Figures 1, 2, and 3 show the power-limited correlation decompositions for Hamiltonian K = 3, K = 4,
and K = 5 under three maximum power constraints: Pmax = 30Pave , Pmax = 5Pave , and Pmax = 2Pave . We find that
all coding schemes are able to achieve a zero-error decomposition as long as the maximum power constraint is high enough;
6Pave for Hamiltonian K = 3, 12Pave for Hamiltonian K = 4, 30Pave for Hamiltonian K = 5. Interestingly, at maximum
power levels where none of the coding schemes achieve a zero error decompositon, we can still find good approximations.
For instance, at Pmax = 5Pave , despite the maximum power being 6 times lower than the zero-error threshold we are still
able to find good approximations of all correlation functions.
• Shape of the functions: All solutions have a binary structure. In particular, a common pattern is shared by all the
non-zero error solutions, i.e. solutions that result in approximations of Hamiltonian codes. For a given maximum power
constraint, the modulation function will be a binary function with a peak power equal to Pmax .
Summary: In summary, the resulting power-limited binary high-performance codes could be easily implemented in current
CW-ToF cameras. Their binary structure allows them to leverage the digital square wave generators used in CW-ToF cameras.
Furthermore, even with strong maximum power constraints (e.g. Pmax = 5Pave ) our algorithm finds good approximations
to the objective high-performance codes.
Power-limited Decomposition for Hamiltonian K = 3
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Supplementary Figure 1: Power-limited decomposition for Hamiltonian K = 5. Power-limited correlation function
decomposition for Hamiltonian K = 3 at different maximum power levels. At Pmax ≥ 6Pave the resulting modulation and
demodulation functions have the same correlation as the objective Hamiltonian correlation. This is clearly illustrated in the
case of Pmax = 30Pave (blue) where the chosen solution only uses 6Pave . When Pmax ≤ 6Pave only approximations of the
objective correlations are obtained.
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Supplementary Figure 2: Power-limited decomposition for Hamiltonian K = 4. Power-limited correlation function
decomposition for Hamiltonian K = 4 at different maximum power levels. At Pmax ≥ 12Pave the resulting modulation and
demodulation functions have the same correlation as the objective Hamiltonian correlation. This is clearly illustrated in the
case of Pmax = 30Pave (blue) where the chosen solution only uses 12Pave . When Pmax ≤ 12Pave only approximations of
the objective correlations are obtained.
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Supplementary Figure 3: Power-limited decomposition for Hamiltonian K = 5. Power-limited correlation function
decomposition for Hamiltonian K = 5 at different maximum power levels. At Pmax ≥ 30Pave the resulting modulation
and demodulation functions have the same correlation as the objective Hamiltonian correlation. When Pmax ≤ 30Pave only
approximations of the objective correlations are obtained.

S. 4. Performance of Power-limited Coding Functions
In this section we present the performance (mean depth errors) for power-limited Hamiltonian K = [3, 4, 5], sinusoid, and
multi-frequency sinusoid.
For the simulations we used the following parameters. Fundamental frequency f0 = 15Mhz, corresponding to a 10m
depth range. Total integration time of 300ms, and scene albedos of 0 − 1. The source and ambient average power are varied
to emulate a wider range of realistic SNR levels. At each source and ambient power level the mean depth error, as described
in Section S. 1, is computed.
Main observations: Figure 4 shows the mean depth error results for power-limited coding schemes at maximum power
levels of 30Pave , 15Pave , 5Pave , and 2Pave . Power-limited Hamiltonian coding functions are robust to low SNR levels,
even at strict maximum power levels (e.g. Pmax = 5Pave ). On the other hand, the performance of multi-frequency sinusoid
rapidly decays as we lower SNR (i.e. lower source power and increase ambient power). In the limiting case of Pmax = 2Pave
the best performing coding scheme depends on the SNR level. At high SNR multi-frequency sinusoid is the best choice and
at low SNR Hamiltonian K = 3 is the better choice. Note that in that case Hamiltonian K = 3 becomes equivalent to square
coding (see Figure 1).
• Crossing points due to phase unwrapping errors: As we decrease SNR the performance of multi-frequency sinusoid
quickly degrades due to phase unwrapping errors. This can be seen from the crossing points in all the mean depth
error plots as source power and ambient power are varied. The proposed practical coding schemes are robust to phase
unwrapping errors, despite the high-frequency coding functions present in some of them (e.g. Hamiltonian K = 5, see
the fifth rows of Figure 3).
• Crossing points due to stronger power constraints: In the extreme power-limited case where Pmax = 2Pave there
are multiple crossing points across coding schemes as we vary the SNR level. Hamiltonian K = 3, however, shows the
most stable performance across all SNR levels.
Summary: Overall the proposed power-limited coding schemes outperform sinusoid-based codes at most SNR levels. As
long as the maximum power constraint is greater than 2Pave the choice of coding scheme is relatively clear (i.e. Hamiltonian
K = 5).
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Supplementary Figure 4: Mean depth error results for power-limited coding schemes. Mean depth error simulations for
the power-limited coding schemes at maximum power levels of 30Pave , 15Pave , 5Pave , and 2Pave and infinite bandwidth.
For maximum power levels above 5Pave Hamiltonian K = 5 outperforms all coding schemes at all SNR levels. In the
limiting case when Pmax = 2Pave Hamiltonian K = 3 is the best choice for low SNR and multi-frequency sinusoid is the
best choice for high SNR levels.

S. 5. Band-limited High-Performance Modulation and Demodulation Functions
In this section we present the correlation decomposition for Hamiltonian K = [3, 4, 5] with a finite light source peak power
and finite bandwidth. The binary and maximum power constraints are applied to the input modulation and demodulation
functions of the CW-ToF system. The bandwidth constraint is applied to the output functions which get correlated.
Main observations: In this paper we analyzed the band-limited correlation decomposition for maximum frequencies of:
fmax = 10f0 and 5f0 . For each bandwidth constraint we performed the decomposition at maximum power levels of
Pmax = 30Pave , 5Pave , 2Pave . Figure 5 shows the band-limited decomposition of Hamiltonian K = 4. At Pmax = 30Pave
the bandwidth constraint also imposes an implicit peak power constraint as shown in the transition of the input to the output modulation functions. Therefore, the improvement in the correlation function estimation obtained from increasing the
maximum power constraint is minimal, specially in the case of 5f0 (e.g. difference between blue and read lines). Similar
band-limited decomposition results are obtained for Hamiltonian K = 3 and K = 5. Please refer to the appendix of this
document for these decompositions.
• Shape of the functions: Similar to the power-limited results, all solutions for the input modulation and demodulation
functions have a binary structure. Hamiltonian coding function require infinite bandwidth to be able to implement them
perfectly. Therefore, in a band-limited setting all solutions will be approximations. Interestingly, the same pattern
found in the power-limited approximations is present in the band-limited approximations. For a given maximum power
constraint, the input modulation function will be a binary function with a peak power equal to Pmax .
Summary: In summary, despite the fact that Hamiltonian codes require infinite bandwidth to be able to be implemented
perfectly, we can achieve good approximations even at strong bandwidth constraints.
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Supplementary Figure 5: Band-limited decomposition for Hamiltonian K = 4.

S. 6. Performance of Band-limited Coding Functions
In this section we present the performance (mean depth errors) for band-limited Hamiltonian K = [3, 4, 5], sinusoid, and
multi-frequency sinusoid.
Similar mean depth error simulation parameters are used as in Section S. 4.
Main observations: The performance of all coding schemes is degraded due to the system’s bandwidth. Nonetheless, the
severity of the degrade in performance varies across coding schemes (e.g. the effect on sinusoid coding is almost negligible).
Figures 6 and 7 show that the choice of coding scheme is highly dependent on the hardware constraints. A weak bandwidth
constraint (e.g. infinite or large bandwidth) leads to our practical Hamiltonian K = 5 being the best choice. As we introduce
stronger bandwidth constraints as in Figures 6 and 7, the band-limited Hamiltonian K = 4 shows the best performance.
However, if the maximum power constraint is lowered too much (e.g. 2Pave , right-most plot in Figures 6 and 7) the bandlimited Hamiltonian K = 3 has the best performance. Therefore, in practice, a clear understanding of the system’s bandwidth
and maximum power constraints is required to choose the coding scheme with the best performance.
Summary: Overall, we find that accounting for the system’s bandwidth results in the degrade of the performance of all coding
schemes. In particular, different from the mean depth error results in the power-limited setting described in Section S. 4, the
Hamiltonian coding schemes outperform sinusoid-based codes at all SNR levels. Although, the choice of best performing
coding scheme highly depends on the hardware constraints, practical coding schemes based on Hamiltonian codes seem to
consistently be the better choice over sinusoid-based codes.
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Supplementary Figure 6: Mean depth error results for band-limited coding schemes with fmax = 10f0 .
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Supplementary Figure 7: Mean depth error results for band-limited coding schemes with fmax = 5f0 .

S. 7. Zero-mean Complementary Demodulation Functions

Mean Depth Error (mm)

In this section we discuss one additional important constraint that should be considered when designing practical CW-ToF
coding schemes.
Most commercial CW-ToF cameras, if not all, implement a two/four-bucket pixel architecture to efficiently use the total
modulation function power [24, 34]. The efficiency of that architecture derives from the fact that any signal arriving at
the sensor when the demodulation function is 0 is being discarded. A two-bucket pixel architecture overcomes this by
taking two intensity measurement simultaneously where the demodulation functions are negated versions of each other (i.e.
complementary functions). Commonly used coding schemes such as 4-bucket sinusoid leverage this pixel architecture to
emulate a zero-mean demodulation function by taking the difference of these simultaneous measurements. Consequently,
a CW-ToF camera based on 4-bucket sinusoid coding only needs to take 2 zero-mean intensity measurements to solve for
depths. For the purposes of this discussion we assume sinusoid coding is implemented with low-pass filtered square functions,
which is in fact what is done in practice. For more details on the implementation details of sinusoid coding on two-bucket
pixel architectures please refer to [24, 34, 26]. Figure 8 shows the mean depth error results for a 4-bucket sinusoid coding
implementation that uses a zero-mean demodulation vs. a regular sinusoid coding implementation. Effectively, the regular
sinusoid implementation uses half of the total power available decreasing its overall performance.

Supplementary Figure 8: Performance of zero-mean demodulation vs. regular demodulation functions. The energy
efficient zero-mean demodulation coding schemes outperform their regular implementations. A regular implementation of
a coding scheme discards all the photons arriving at the sensor when the demodulation function is 0. For both sinusoid and
Hamiltonian K = 3 coding schemes this results in only using half of the total power and consequently their performance
is significantly degraded. Interestingly, the regular implementation of Hamiltonian K = 3 still outperforms the zero-mean
sinusoid coding scheme despite using half of the total power.
Zero-mean demodulation constraint: The demodulation functions in practical coding schemes should be able to leverage
a two-bucket pixel architecture. This introduces two additional constraints: the number of measurements K should be even,
and for every demodulation function there should be a second demodulation function that is the negation/complementary of
it.
Zero-mean demodulation Hamiltonian coding schemes: At first glance, none of the practical Hamiltonian coding schemes
proposed in this paper adhere to these constraints. However, the binary structure of the demodulation functions makes it simple to extend these coding schemes such that they adhere to the above constraint. For all of the proposed binary coding
schemes we can simply double the number of measurements K, where the demodulation functions in the additional K measurements will be the negated versions of the first K demodulation functions. The proposed zero-mean Hamiltonian codes
will require 2K measurements as opposed to K in their regular counterparts. Figure 8 shows the performance improvement
of a zero-mean Hamiltonian K = 3 over its regular implementation. It is important to clarify that in this case, zero-mean
Hamiltonian K = 3 actually had K = 6 intensity measurements, however, for the sake of consistent notation we kept its
original label.
K-bucket trapezoidal coding family: One drawback of the zero-mean demodulation Hamiltonian coding family is that the
coding scheme with the least number of measurements need K = 6, which translates to 3 measurements with a two-bucket

architecture. On the other hand, zero-mean sinusoid can be implemented with only K = 4 measurements. To this end, we
propose a new CW-ToF coding family inspired on the structure of Hamiltonian K = 3 which we denote as the trapezoidal
coding scheme family. A trapezoidal coding scheme will have an even number of measurements K, and the modulation and
demodulation functions will have the following simple structure:
1. Modulation Functions: All K modulation functions are equal. They are square functions with a peak power of KPave
1
.
and a duty cycle of K
2. Demodulation Functions: All demodulation functions are square functions with a
function, Di (t), will have a phase shift equal to 2π
K radians.

1
2

duty cycle. Each demodulation
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K=8

(b)

Mean Depth Error (mm)

K=4

Mean Depth Error (mm)
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Performance of practical zero-mean demodulation coding schemes: Figure 9 shows the performance of different zeromean demodulation coding schemes for various K. All simulation parameters are the same for all coding schemes, including
total integration time. We omit the comparison of zero-mean Hamiltonian and trapezoidal for K = 6 since they correspond
to the exact same coding scheme. Similar to zero-mean Hamiltonian, trapezoidal outperforms sinusoid-based schemes at
low and medium SNR. Furthermore, zero-mean Hamiltonian codes outperform Trapezoid coding schemes. However, the
comparisons in Figure 9 are under ideal hardware settings. Hence, it is important to note that trapezoidal coding schemes have
lower peak power and bandwidth requirements than Hamiltonian. Therefore, a performance analysis at different maximum
power and frequency levels is required to be able to determine which coding scheme has better performance.
Summary: The zero-mean demodulation constraint described in this section presents an interesting direction of future work
on practical coding function design. High-performance coding schemes that adhere to the binary constraint, such as the
ones introduced in this paper, can be easily adapted to leverage a two-bucket pixel architecture. Additionally, we propose a
Trapezoid coding family that adheres to the zero-mean demodulation constraint and significantly outperforms sinusoid-based
coding schemes. Furthermore, they have less strict maximum power and bandwidth requirements than Hamiltonian codes.
An analysis under various hardware constraints, similar to the analysis done in this paper, could help determine under which
conditions the Trapezoid coding family can outperform Hamiltonian codes.
K=

(c)

Supplementary Figure 9: Performance of zero-mean demodulation coding schemes. Figure (a), (b), and (c) show the
performance of different zero-mean demodulation coding schemes under the same simulation parameters and in an ideal
hardware setting (infinite maximum power and infinite bandwidth). The 4-bucket trapezoid outperforms 4-bucket sinusoid
(a). In (b) and (c) Hamiltonian codes outperform all coding schemes. However, trapezoid codes have lower maximum power
and bandwidth requirements than Hamiltonian.

S. 8. Hardware Prototype
Figure 10 shows the CW-ToF single-pixel camera prototype developed to validate the proposed coding schemes. The
scene is flash illuminated by the laser diode. A cylindrical lens is used to improve the uniformity of the illumination on the
scene. The galvo mirrors scan every point in the scene and the incoming signal is focused onto the APD. The detected signal
is multiplied with the demodulation function with a frequency mixer. Finally, the mixer output is amplified, low-pass filtered,
and digitized by a data acquisition card, resulting in an intensity measurement.
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Supplementary Figure 10: CW-ToF Hardware Prototype. CW-ToF hardware prototype used for the experiments presented
in the paper. The scene is flash illuminated with the laser diode and the galvo mirror system scans the scene onto the APD.
The intensity of the laser is modulated with the arbitrary function generator. The detected signal is pre-amplified and then
correlated with the demodulation function through a frequency mixer. Finally, the output of the mixer is amplified, low-pass
filtered, and digitized, resulting in a intensity measurement.

S. 9. Appendix: Additional Band-limited Correlation Decompositions
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Supplementary Figure 11: Band-limited decomposition for Hamiltonian K = 3.

Band-limited Decomposition for Hamiltonian K = 5 with fmax = 10f0
Input Modulation

Output Modulation

Input Demodulation

Output Demodulation

Correlation Functions

�=
�=
�=
�=4
�=

Band-limited Decomposition for Hamiltonian K = 5 with fmax = 5f0
Input Modulation

Output Modulation

Input Demodulation

Output Demodulation

Correlation Functions

�=
�=
�=
�=4
�=

Supplementary Figure 12: Band-limited decomposition for Hamiltonian K = 5.
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